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Abstract 



The transition operator for the radiative capture of mesons /i~ by pro- 
tons is constructed starting from a chiral Lagrangian of the Nnp ai oj system 
obtained within the approach of hidden local symmetries. The transition op- 
erator is gauge invariant and satisfies exactly the CVC and PC AC equations. 
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I. INTRODUCTION 



The radiative muon capture (RMC) on proton, 

— + + (1.1) 

has recently been measured at TRIUMF [Q] for the first time. The aim of the experiment 
was to extract the value of the weak induced pseudoscalar constant gp with the result 

gpiq^ ^ 0.88ml) = (9.8 ± 0.7 ± 0.3) (^^(0). (1.2) 

This value of gp is about 1.5 times larger than tho one predicted by PCAC and admitting 
pion-pole dominance of the induced pseudoscalar part of the weak axial current. Actually, 
the constant gp is the only one not well known experimentally of the four constants gv,gM,9A 
and gp entering the weak nucleon current. 

There are constant efforts for many years to extract gp from the ordinay muon capture 
by proton, 

fJ^~ + p — > n + iy^, (1.3) 

with the world average value charged with a 25% error. The recent precise measurement 
0] of the transition rate for the reaction 

fi- + ""He ^ + ly^, (1.4) 

lead subsequently to the extraction of gp with an accuracy of ~ 19%, 

gp = (1.05 ± 0.19) g^''^'' , (1.5) 

with 



^P^^^ = ^^gAiq'). (1.6) 



For reaction (|1.3| ), ~ 0.88 and S'p*"^'" ~ 6.6 gA- On the other side, the value of in 
the hadron radiative part of the amplitude for RMC can reach ^ ~^fi at the high end of 
the photon spectrum, which leads to an enhancement by a factor of 3 in the amplitude due 
to the induced pseudoscalar part of the weak axial interaction in this kinematical region. It 
is this feature of the RMC process which feeds the hope that it can be effectively used for 
extracting of the value of gp. 



The transition amplitude for the elementary reaction ( |1 . 1|) was derived by numbers of 



authors. One can use Feynman graphs obtained by attaching a 7 in every possible way 



to the lines of electromagnetically interacting particles participating in reaction ( |1 . 1|) . Then 
the current conservation allows one to get the hadron radiative amplitude up to terms linear 
in photon momentum k. Better way to get the amplitude is using the low energy theorems 



see Refs. |[TT]| and references therein) which provide the RMC amplitude in terms of 



elastic weak form factors and pion photoproduction amplitudes up to terms linear in k and 
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q = p^i — Pv The gauge invariance, CVC and PCAC are respected in this approach just to 
this order. Such an amphtude was apphed in to extract the constant gp of Eq. (|1.2| ). 

The difference between the value (|L^) of gp and its PCAC prediction opens naturally 
among several questions also the discussion about the structure and completeness of the 
applied transition amplitude. Here we present a new one obtained from the Lagrangian 
of the NTcpaiUJ system constructed within the approach of hidden local symmetries (HLS) 
|T^. The advantage of this amplitude is that it satisfies gauge invariance, CVC and PCAC 
exactly. 

In the approach of HLS |T^,n], a given global symmetry group Gg of a system Lagrangian 
is extended to a larger one by a local group Hi and the Higgs mechanism generates the mass 
terms for gauge fields of the local group in such a way that the local symmetry is conserved. 
For the chiral group Gg = [SU{2)l x SU{2)R]g and Hi = [SU{2)l x SU{2)r]i the gauge 
particles are identified with the p- and ai mesons. An additional extension by the 

group U{l)i allows one to include the isoscalar u meson as well [|T3|. Moreover, external 
gauge fields, which are related to the electroweak interactions of the Standard Model, are 
included by gauging the global chiral symmetry group Gg. 

In Sect.y, we write down the HLS Lagrangian and the associated currents necessary to 
construct the transition amplitude for RMC. In Sect.|T^, we construct this amplitude and 
show that it is gauge invariant and that it satisfies CVC and PCAC exactly. In Sect.^, we 
compare our amplitude with the one obtained from the low energy theorems and we make 
our conclusion. 



II. LAGRANGIAN AND THE CURRENTS 

We use the Lagrangian written in terms of the heavy meson fields representing the 
nonlinear realization of the HLS for the groups Hi = [SU{2)l x SU{2)r\i x ^7(1); [|12|,|15 
It can be written as 

CNnpa,.. = -Njf^d^N - MNN + igNj5{fi ■ r)N - ig^^N-f^^^ir ■ x U)N 

2 

-i^Nj^ir ■ X n)A^ - igAgpNlM^ " 

Jtt 

+gpp^ ■ H X a^H - gpd^pf, ■ p^ x p^ + gp{pp x - p^ x a^) ■ d^a^ 
+^{piJiv ■ Sp X a^H + -pp ■ d^li X df,^) 

Jtt ^ 

+o(|n|2). (2.1) 



Here 



^IfJ = Ppu - 9pPfM X pu , pp„ = df,py - dupp , ujpy = dpUy - dyUp . (2.2) 
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The Lagrangian (|2.1|) describes reasonably all the relevant elementary processes (ptttt, ai 77r 
etc. ) at intermediate energies. 

The associated currents are obtained by the Glashow-Gell-Mann method [jT6[ and read 



4^=-^u,, (2.3) 



2 

m 



2 

-* TTl -> -» 

Jv,p = - 2Ug, d^xU + 0(|nn , (2.4) 

9p 

2 

m 

Ja,p = + fndf,U - 2f^gp x 11 

9p 

+- (ttt dull - gpSu + eX) X p^, + 0(|nn . (2.5) 

9p ■^JTT 

We now have the full set of vertices and currents which are necessary to construct the 
transition amplitude for RMC at the tree level. 



III. TRANSITION AMPLITUDE FOR RMC 

The needed transition operator — iT^ consists of the following terms 

\k,q) = ^{Ar{k,q) + l,{0)et{k)[M^;^{k,q) + M^^,{'K;k,q) + M^^-J-'^{a,; k, q)]} , 

(3.1) 



where M"'{k,q) corresponds to the radiation by muon and the radiative hadron amplitude 
is given in the square braces as a sum of three terms. As it will become clear later, these 
amplitudes present actually a set of terms which satisfy separately a closed continuity equa- 
tion which together provide the PCAC for the radiative hadron amplitude. In particular, 
M^^"" contains the nucleon Born terms (Figs, la and lb) and some related contact ampli- 
tudes (Figs. Ic and Id), M'^^iji) contains the mesonic amplitude M^-'^-'"(fc, q) describing the 
radiation of the photon by the pion in flight which was created by the weak axial current 
and all contact terms where an electroweak vertex (the bubble on the graph) is connected 
to the nucleon via pion line (Fig. le with the pion). Similarly, M^^''^{ai) is the sum of all 
contact terms where the electroweak interaction is connected to the nucleon by ai meson 
line (Fig. le with the ai meson). 

We construct the transition amplitude for RMC using the Feynman graphs. Generally, 
any of amplitudes M^^(A;,g) given below is related to the corresponding S-matrix element 
as 

S = {27r)U6\k + q^-q)l,{0)eUk)M;,{k,q). (3.2) 

The radiation by muon is 

M"'{k,q) = -m(p,.) 7^(1 + 75)S'f(p^- - k)iel{k)-fuu{p^~) 

uip')r^,,iqi)uip), (3.3) 
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Jw,M^) = Jv.M^) + JXM^)^ (3-4) 

Jv,M^) = ^^l^U^'ii)(lv - ^(^vsQis) y , (3.5) 

Ja,M) = ^[-9AmlA^^i{q,h,J, + 2iMgAAl{qi)qiM y , (3.6) 

Af.(0 = (V + %A|(/), i? = p,ai, (3.7) 

Here (^yi = —1.26 and our definition of the electromagnetic and weak currents conforms Ref. 
Let us now present the radiative hadron amphtude. The part M^^°'{k,q) is 

M^;'^{k,q) = j2M^^'^{i;k,q), (3.9) 

i=l 



M^r{l) = -u{p')[J^^^{q)SAQ)J:-"^ik) + J:-"^ik)SF{P)J^^^{q)]u{p) 
2 



= <':.(!) + Mf':,(i), (3.10) 



M^;\2) = -^-^mlAt^{k)q,AUq)e'^'rl{p',p) 



-tUq.AUq) M^;:{2) , (3.1i; 



M,^r(3) = t^^mlA^,^{k)q,AUq)k^5,Mp'H<^<:v^{p) 



2 2M 

lB,a/ 



<r(4) = -2^-^m^A-^(fc)g,A^(g)A:ct.(p')75C^C.^"«(p) 



Ag^A^(g)^^;e(3), (3.12) 

2 2M' 

^ -zUq,AUq)M^;:iA), (3.13) 

<r(5) = ^^A^,(g)A^,^(fc)£^"^n(p')«^C.^'«(p) , (3.14) 

<r(6) = -^mJe3'^^^(p')[(gc + ^c)A^.(9)A^.(^)^y,c(?i) 

-(giC + gc)A^,(?)A^^(^) J^,^(gi) + (g^c - A;c)A^^(g) A^^(fc) J^,^(gi) ]^p) . (3.15) 

We write also down the contribution from the radiative nucleon Born term due to the induced 
pseudoscalar 



M5^,(fc,g) = MgAq,AUq)uip')h5T^SpiQ)J:-"'-ik) 

+ J:-"^ik)SF{P)l,T^Hp) ^ -zf^q.Aliq) M^;:{1) , (3.16) 

which serves to define the radiative pion absorption amplitude A1^'"(l). Besides presenting 
contact amplitudes, eqs. (|3.11|) ,( pn^ ) and (|3.13| ) define also the radiative pion absorption 
amplitudes A<^;"(2), M^^'^{3) and A<f '"(4), respectively. In Eq. ( p.lQ ), the amplitudes 
M^'^^(l) and M^'^^,(l) correspond to the vector-vector and axial-vector part of the weak 
nucleon current 
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In Eqs. (|3.1(]| - |3.16|) the following notations are used 
j--(fc) = js (k) + Jl (k), 



= imlAl^{k)-{^,^ 



2M 



2M 



(3.17) 
(3.18) 

(3.19) 
(3.20) 



We keep the amplitudes ( |3.1CI|) - (|3.16|) together because they satisfy the following conti- 
nuity equation 



(3.21) 



i=l 



We further present the second part of the radiative hadron amplitude M^^^tt; k, q) as 



Here 



M;,in;k,q) = M^,^-\k,q) + ^ M;,(7r, z; A;, g) 

i=l 



-MgAq,A],{q)mlAP,ik) (q,, + q,)AUqi) r"(p',p) 

-i,uq,AUq)M':::-'^, 

-2iMgAmlA;i{q) Al{q^)e"^'T\p' ,p) , 

-,2 A ai 



Ml{7^, 2) = 2iMgAm'A7MKmKqiu - gi ■ ^ V ) Al{q,)e''''T\p\p) 



,2 A a 



M:^{n, 3) = iMgAm'A'^p^{q)MM{q^q,^ -q-qiS,,) AUqi)e"''T\p' ,p) 



M;,(7r,4) = 2zMgAm'^A^k)AUqi)e'^'T''{p',p) , 

K,(7r,5) = -iMgAK{k){k^.qi.-qi ■ k6^,) AUq,)e"''T\p' ,p) 



r {p,p) = u{p')-f5T U{p) . 

The amplitude M^^iji] k, q) defined in Eq. (|3.22| ) satisfies the continuity equation 
g^M" (7r;fc,g) = z^m2A^(g)A<--'" - iMgAqi.Al{q,)e^'^'T\p\p) . 



(3.22) 



(3.23) 
(3.24) 
(3.25) 
(3.26) 
(3.27) 
(3.28) 
(3.29) 



(3.30) 



The radiative pion absorption amplitude M.'^'^ is defined in Eq. ( p.23| ) and the second 
term at the r. h. s. of Eq. ( p.30| ) is simply related to the induced pseudoscalar part of the 
weak axial nucleon current ( |3.6| ). 

The last amplitude of Eq. (^]l|) we need to discuss is M^;^*-'°(ai; A;, g) which represents 
various contact terms of the ai meson range (cf. Fig. le with B = ai). Explicitly we have 



M-*-''^(ai;fc,g) = EM-*-'>i,z;/c,g) 

i=l 
1 

2 



(3.31) 



= M^Uq)<Kl{qi)e'^'^lip',p) 
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= -zUq^AUq) M'i;^-%au 1) , (3.32) 

= -2Ag^A-(g)A<-t''^(ai,2), (3.33) 
1 

2' 

= -^Ag^A^(g)A<^->"(«i,3), (3.34) 

M,V-''^(ai,4) = lgAmlAlliq,)[k,AUk) - ^AA^.(fc) ]e^'^^r^(p',p) , (3.35) 
M?^J-'\au 5) = gAm'A'ik) [ {q, + q,,)AlUq)AlUq^) - q,A;Uq)AlUq^ 



M^J-'\a,, 3) = --gAq,AUq)mlA':,Mqx [qiv^HiQi) ' qix^C^qi) ]^'"'Tj(p',p) 



+guA^^g)A-(gi)]£3'^TJ(p',p). 
The continuity equation for the amphtude M'r^-'"-{ai] k, q) of Eq. ( p.31|) is 



q,M^^■,'■''^{a^■k,q) = ^UmlAUq) E + gAmlAll{q,)e''^'T\{p' ,p) . (3.37) 

1=1 

The amphtudes A^^'*j;'"(ai, 1 — 3) are defined in Eqs. (|3.32| )- (|3.34|) and the last term at the 
r. h. s. of Eq. ( p.37 ) is simply related to the contact part the weak axial nucleon current 

(PD- 

Summing up Eqs. ( p.21| ),( pT30D ,( p.37| ) provides the equation of the PCAC for the radiative 
hadron amplitude 

q,[M;^;^ + M;,{n) + M^,*-''^(ai)] = iUmlAl{q)Ml, + te'^'u{p') u{p) , 

(3.38) 

where the weak vector nucleon current Jw,^i is defined in Eq. ( p.4|) and the full radiative 
pion absorption amplitude A^^ ^, is given by the sum of the partial radiative pion absorption 
amplitudes discussed in connection with Eqs. ( p.21|) , (|3.30|) , (|3.371 ) 

M% = E -^?."(^) + M^;:^'' + E M^lriai,^) ■ (3.39) 

i=l i=l 

Our Eq. ( p. 381 ) is in agreement with the general discussion ^ of the structure of the matrix 
elements of two currents. 

In the next step, we verify the CVC equation for the hadron part of our RMC amplitude. 
For this purpose, we calculate separately the divergence of the weak vector and axial parts 
of this amplitude with the result 

k,[M^:;,{l) + M^;\b) + M^;\&)] = te'^'u{p') J'y^^iq^) u{p) (3.40) 
k^ [M|;;,(1) + E <r(^) + M;:M + M^^-J-'^{a^)] = ie''^'u{p') JXM) <p) ' (3-41) 

i=2 

which leads to the correct continuity equation 

k, [M^^-'^ + + M^.*-'^(ai)] = is'^^Hp) Jw,M) <p) ■ (3-42) 

The gauge invariance of the combination — iT"^ can be now verified simply by changing 
elik) k^ in Eqs. (^) and (^ and using Eq. (g). 



IV. DISCUSSION AND THE RESULTS 



Equations ( |3.38| ) and ( |3.42| ) are in agreement with the general results obtained in Ref. 



for the matrix elements of two current. Let us note that our amplitude satisfy them exactly. 
The derivation of such an amplitude based on the low-energy theorems [0- ||ri| provides it 
up to the terms linear in k and q. 



As we have discussed in Ref. [12|, the form of the Lagrangian (2J.) from which the RMC 
amplitude is constructed, is restricted at threshold by PCAC and current algebras. It fol- 
lows that our amplitude coincides at threshold with the one obtained from the low-energy 
theorems. At higher energies (up to 1 GeV) it is demanded that the HLS approach incorpo- 
rates vector meson dominance, respects the Weinberg sum rules and the KSFR relation and 
describes reasonably physical processes such as p — *• tttt, ai — > pyr etc. It was also shown 
in [|12| that only at energies ~ 0.8 GeV one can expect sizeable effects depending on the 
chosen Lagrangian model. Then in the region of energies relevant for the process of RMC 
in nuclei one can consider our transition amplitude as reliably fixed. 

Let us compare our radiative hadron amplitude with the results of Ref. pj. We start with 
the amplitudes M^^'''(l-6) from Eqs. (|310|)-(|37[5|). The amplitude M^^'''(l) with the nucleon 



electroweak currents (p.4|) and ( p.l7|) contains the standard nucleon Born amplitude and also 



a contribution due to the non-pole part of the induced pseudoscalar. Actually, it comes from 
the transverse part of the first term of the nucleon axial current ^ Eq. (|3.6|) , because the 
term —igA^'p {<li)<lifj.<lirilr]75 has the form of the induced pseudoscalar with the form factor 
—igAA'^{qi)qiri^ri- For the nucleon on the mass shell, this is effectively 2MgAA'^ {qi)qi^j5 
which allows one to write the induced pseudoscalar term with the effective form factor 
AUq,) A^(gi)-A^Hgi). 

The large term M^'^(2) of Eq. ( p. 11]) cancels at threshold with the contact term 



M^'J''"-{ai, 1) of Eq. ( p.32| ) and only higer order terms survive (see below). The amplitude 
M^''^(3) does not contribute to the considered reaction. The terms M^'"(4) and M^''^(5) 
are present in Eq. (58) and Eq. (59), respectively. 

The amplitude M^'°(6) is due to vector ppp interaction (Fig. Id) and it contributes in 
the leading order to the terms linear in k and q as 

AMf/(6) ^ l^e"''u{p')^[{q, + k,)j,5,, + {k,-2q,h^ + {q^ - 2kM<P) ■ (4-1) 



Next we discuss the amplitudes M°^(7r) of Eqs. (|3.23|) - (|3.28|) . As we have already men- 
tioned M^-*^-'" is the standard mesonic current. Having in mind that in the considered 
symmetry scheme m^^ = 2m^, we can sum up 

M;,(7r,l) + M;,(7r,4) = zM^^A^(gi) £'"'r^(p',p) ^ • (4.2) 

Such a term is present in Eq. (59) of [|| . 

The amplitudes M^^(7r,2), M^^(7r,3) and M^j^(7r,5) contribute in higher order in k and 
q. These terms cannot be obtained in the standard expansion technique 0. 

As we have already mentioned, the large term M^'J''"'{ai, 1) compensates in the leading 
order M^"(2), the result of the sum providing the terms 
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A(l) = M^;^{2) + M-:-^\aul) ^ -^,q,^l{q)[q.q^ - 

+Kk^ + 2{k ■ q)6,^ - Kq^ - k^q,]e^''''T\{p\p) . (4.3) 
In the same order, the terms M^;,*''"(ai, 2) and M^■J^'"^{al,3) contribute as 



A(2) = M^^-J-'^{a„2) + M-J-'^{a^,3) ^ ^ q^Al{q){2[q^k^ ~ {q ■ k)6^^] 

+ iq%C-<luqc) + [Kqc~{k-q)5.c]}^""'Tl{p',p). (4.4) 
We now sum up the results ([4.3| ) and ( [4.4|) and leave the terms linear in k and q only 

A(l) + A(2) = ^q^Al{q)[q,k^-{q-k)S,^]e'^'T'^{p',p). (4.5) 

The terms of this order are present also in Eq. (58) of Ref . . Our model provides the 
amplitudes Vi consistently. 

At last, the sum of the amplitudes M^;/-'"(ai, 4) and M^;/-''^(ai, 5) contributes in the 
order 

A(3) = ^[{k, + q,)5,^ - {2k^ + qc)6,, + {2q, - k,)5,^]e'^'Tl{p' ,p) . (4.6) 
In conclusion we notice that 

1. Our amplitude for RMC derived from the chiral Lagrangian of the HLS satisfies PCAC, 
CVC and gauge invariance exactly and coincides in the leading order with the standard 
one. 



2. Our resulting correction terms linear in k and q (see Eqs. ( [4.1|) , (^4.5|) and ( [4.6|) ) differ 
from those obtained in ||^- ||T0| by the standard expansion technique. This is due to 
the different prescription for passing towards higher energies. In our approach [0 , the 
vector meson dominance, Weinberg sum rules and KSFR relation restrict the physical 
amplitudes at higher energies. 

3. One can obtain explicitly higher order terms from our amplitude, which is not possible 
using the low energy expansion technique. 
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Fig. 1. The radiative hadron amplitude. Graphs a,b - the nucleon Born terms; graphs c,d 
- the contact terms related to the nucleon Born terms, the possible pairs {Bi, B2) are p, tt, 
u>, TT and p, p; graph e - the contact terms of the B — n or ai range. 
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